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1 ABSTRACT

The purpose of this memorandum is to present an
analytical development of the CMG rotation law given in MSFC's
Interface Program Requirements Document. This law was developed
by MSFC using geometrical arguments alone. The analytical
development here reveals that certain simplifications in the

rotation law, not apparent from the geometry, are possible.
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MEMORANDUM FOR FILE

INTRODUCTION

The purpose of the CMG rotation law is to generate a
set of commanded gimbal angle rates that

1. produce zero control torque
2., act to minimize gimbal angles.

This memorandum assumes intimate knowledge of the
Skylab CMG system.

GIMBAL ANGLE RATES FROM RELATIVE ANGULAR VELOCITY

Let*

h. = unit vector parallel to spin

=i
axis of ith CMG

It can be shown that

i
Y; <4 . = Ri wy i i=1,2,3 (1)
*i
where th
w. = angular velocity of i CMG relative to
1 the spacecraft
ii = gimbal angle rates that produce the

component of 9i perpendicular to the

ith CMG spin axis

*The symbols used here differ from those in the IPRD. These
differences are décined in Table I and on Fig.l.
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PRODUCING ZERO CONTROIL TORQUE

We now wish to choose the wy 's so as to produce zero

total torque. As Kennel does, let us rotate CMG pair A (CMGs 1
and 2) about (Ql+22); i.e., let

W

12 = alh +hy)

Similarly, for CMG pair B let

wp3 = b(hy*hy)

and for CMG pair C let

w3y = clhgthy)
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Thus we may choose the w; 's as follows to produce zero total
torque

a(h;+h,) + c(hg+h;)

b(h,+h,) + a(h;+h,)
Wy = Wy + w5y = clhgthy) + b(h,+h,)

But since

we can define the w., 's more simply as

_u_).l=a22+ch

=3
wy =Db hy + ah; (2)
w3 =ch) +bh

We see that we can choose the three numbers a,b, and c
arbitrarily and produce zero torgue provided the ws 's are

chosen as above. The fact that the w;, 's given in (2) produce

zero torque is easily verified by substituting into the control
torque equation.

y " N N ‘
T, =H=Hlw; by + vy, hy + w3 hi) | (3)
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We can now write
. _ ] a
Y1 = Rp(hyihy) Q)

Yy = Rylhyih;) (5) ()

<
|

1 b
3 = R3lhyihy) (Q)

CHOICE OF a, b, AND ¢

Let us define
¥y = i n = odd integer (5)

where 0 and % are inner and outer éimbal angles when H=0,

Further, let us define a performance index J as

3
_ n,'+ _ n,' n,
3= ). 6D = ared'w hp v () Ry b
=1

1 1
+ bl(y)) R, hy + (x3) Ry

. ' (6)
+ el(yy) Ry hy + (x3) R

= oar, +ba 4 CA g

Since we wish to minimize J, the signs of a, b, and ¢
should be chosen according to

sgirj = —sgn‘)\j ; j = a,b,c (7)
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Clearly, one sensible choice for a, b, and c is
J o= K AL j = a,b,c (8)

which is precisely the choice reflected in equations 9.3.3.
62,63,64 in the IPRD. Another sensible choice is

j = —KR()‘j)max sgn )\j H j = a,b,c (9)

j‘max

where (A.) is the maximum allowed value of xj. A good
compromise between (8) and (9) is

»“jl 2 (y)pax + use (9)
(10)
|Aj| < (Aj)max , qse (8)
Kennel's control law is more involved than (10). He

applies bounds to the components of the Ri h. vectors in (6);
i.e., to the S's shown on pages 14-16 in the IPRD. Of what
value Kennel's complication is, is not clear.

Kennel also specifies a rotation about the total
angular momentum vector (eq. 9.3.3.65); i.e.,

£
It

d(h; + h, + hj)

and he lets
d=a+b+c
It is difficult to see why this additional rotation is required.

I have suggested to Kennel that he delete it.
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FIGURE 1., CONTROL MOMENT GYRO ORIENTATIONS
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TABLE I

NOTATIONAL EQUIVALENCE

THIS MEMORANDUM IPRD
h. e
By 1 (1)
% $3(1)
a ERA
b SRB
C ERC
d . ERT
Y5 no equivalent
Ri no equivalent
Y; = R; ey ¢ i=1,2,3 Egs. 9.3.3.16-21
(SAll)
R, h
1 =2 Sa31
(‘SAlz)
R, h .
2 2 S 3,
(5312)
R, h
2 &3 S530
-s
R. h B13
3 =2 S
B33
S
R h c13
3 S
C33
-s
R h ( 011)
123 <
c31
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